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New Two-Temperature Dissociation Model for Reacting Flows

David P. Olynick* and H. A. Hassant
North Carolina State University, Raleigh, North Carolina 27695

A new two-temperature dissociation model for the coupled vibration-dissociation process is derived from
kinetic theory. It is applied for flows undergoing compression. The model minimizes uncertainties associated
with the two-temperature model of park. The effects of the model on AOTV-type flowfields are examined and
compared with the Park model. Calculations are carried out for flows with and without ionization. When
considering flows with ionization, a four-temperature model is employed. For Fire II conditions, the assumption
of equilibrium between the vibrational and electron-electronic temperatures is somewhat poor. A similar state-
ment holds for the translational and rotational temperatures. These trends are consistent with results obtained
using the direct simulation Monte Carlo (DSMC) method.

Introduction

I T is generally agreed that the dissociation rate of a mol-
ecule should be at least a function of the translational-

rotational and vibrational temperatures. At present, the exact
functional dependence on these temperatures is unknown.
However, it is suggested that dissociation preferentially occurs
for the high-vibrational states. Thus, the amount of dissocia-
tion will decrease if the vibrational temperature is lower than
the translational temperature. This concept is known as cou-
pled vibrational-dissociation. The coupled vibration-dissocia-
tion process is very important in the region of thermal non-
equilibrium after a strong shock. Directly behind the shock,
the translational temperature reaches its peak value while
vibrational temperature lags, because it takes a finite time to
reach its equilibrium value. Therefore, a dissociation model
that depends only on the translational temperature will tend
to overpredict the amount of dissociation. Dissociation also
removes vibrational energy. Thus, the vibrational tempera-
ture will be underpredicted if a one-temperature dissociation
model is used.

One of the early attempts to study the coupled vibration-
dissociation process is the coupled vibration dissociation (CVD)
theory of Hammerling et al.1 The primary assumptions of
CVD theory are 1) molecules behave like rotationless har-
monic oscillators, 2) the vibrational levels are populated ac-
cording to a Boltzmann distribution at the vibrational tem-
perature, 3) dissociation from all the vibrational levels are
characterized by the same cross section, and 4) the vibrational
energy equation is a Landau-Teller equation. This theory gives
a dissociation rate that is a function of T and Tv. The expres-
sion for this rate is given as follows:

Kf(T, Tv) _ Ov I - Qxp(-6d/Tv + BJT) exp(8JTv) — 1
Kf(T) Od exp(6JTv - OJT) exp(Ov/T) - 1

(1)

where Kf(T) is the one-temperature dissociation rate, Ov is
the characteristic vibrational temperature, and 0d is the char-
acteristic dissociation temperature. This theory proved in-
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adequate because the vibrational energy removed by disso-
ciation was neglected. In later papers by Treanor and Mar-
rone,2 the vibrational energy removed by dissociation was
included. Treanor and Marrone3 also accounted for prefer-
ential dissociation from the upper vibrational levels. Their
theory is known as coupled vibration dissociation vibration
(CVDV) theory. Finally, the Landau-Teller equation for the
relaxation of the total vibrational energy was abandoned. In-
stead, researchers determined the vibrational relaxation prop-
erties of each vibrational level. This approach was used by
Treanor et al.4 and later by Sharma et al.5 to study the vi-
brational population distribution for a relaxation problem.
The Park study was undertaken to lend credence to his semi-
empirical two-temperature model.6

Currently, the two-temperature model of Park is the most
widely used model for nonequilibrium problems. At present,
there is no analysis that gives a sound theoretical basis for
the model. The model replaces the translational temperature
in the Arrhenius dissociation rate with an average of the trans-
lational-rotational temperature and the vibrational tempera-
ture. This gives a forward dissociation rate of the following
form:

with

Kf(T, Tv) =

Ta = Tl-«T«, 0 < q < 1

(2)

To calibrate his model, Park simulated the AVCO shock tube
experiments.7 The conclusion of his study was that q should
be \. Later work has lead to a modification of this conclusion.
It is now thought that q should be about TO. Hartung8 has
shown that radiative heating calculations are extremely sen-
sitive to the choice of q. She showed that for the project Fire
conditions, a q value of \ produced a peak radiative heating
value that was double that of choosing q equal to TO.

The uncertainty in the choice of q is the prime motivation
of this study. If the value of q has to be adjusted for each
problem, then the value of Park's approach as a predictive
model is severely diminished. Thus, the goal of this study is
the derivation and testing of a new two-temperature model
which minimizes the uncertainty of the Park model. The ef-
fects of the model are examined for project Fire II conditions
and other AOTV-type flows. This type of flowfield is char-
acterized by a large region of thermal nonequilibrium in which
the coupled vibration-dissociation process is important. The
calculated results are compared with the one-temperature dis-
sociation model and the two-temperature model of Park. The
derivation of the new two-temperature model and the cal-
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culation of AOTV-type flowfields will be discussed in the
following sections.

Formulation of the Problem
The two-temperature dissociation model to be presented is

derived from kinetic theory considerations. It is designed to
revert to the one-temperature dissociation rate when thermal
equilibrium is reached. The model takes advantage of the fact
that the minimum energy required for dissociation for a mol-
ecule in a vibrational state with energy equal to sv is D - ev,
where D is the dissociation energy of the molecule from the
ground state. The details of the derivation are as follows:

Consider the reaction

AB(v) B + M (3)

where v is the vibrational level. The production rate for a
vibrational level is given by

= -kf(T, kb(T, (4)

where kf and kb are the forward and backward rate coeffi-
cients, nv, nA, nB, and nM are the number densities of AB(v),
A, B, and M, and T is the translational temperature. If this
equation is summed over all the vibrational levels, the fol-
lowing equation is obtained:

, ev)nAnBnM (5)dt

where nAB is the number density for AB. To evaluate the
summations in the previous equation kf, kb, and nv must be
defined. Based on the results of collision theory,9 the forward
rate kf can be written as

kf(T, ev) = G(T)e\p[-(D - ev)/kT] (6)

where G is some function of T. The backward rate (kb) is
related to the forward rate by detailed balancing.

In order to replace the summation by integration in Eq.
(5), the discrete distribution function

G
G = (7)

where Tv is the vibrational temperature and Q is the partition
function, is first replaced by a continuous distribution. This
transformation is accomplished by a standard procedure that
makes uses of the Dirac delta function, i.e.

nv(Ev)—^^
exp(-Ev/kTv)„ ——— -Q

Ev e\
" F ~ "FF )v kTJ

where 8 is the Dirac delta function. To derive a one-term
representation of the rate, it is noted that Eq. (8) is well-
represented by a Hinshelwood-type distribution,10 i.e.

nAB
~\ exp(-EJkTJ

provided the quantity £v is chosen as

(9)

(10)

Note that

(ii)
and F is the Gamma function.

Whether one deals with harmonic or anharmonic oscilla-
tors, Eq. (10) is used to determine fv. Even when one deals
with an anharmonic oscillator, the truncated Q (at the dis-
sociation limit) for a harmonic oscillator gives an excellent
estimate of £v.

Applying detailed balancing to Eq. (5), kfs.nd kb are related
as follows at equilibrium:

kf(T,
kb(T, nABg(Ev, T) (12)

where Keq(T) is the equilibrium constant. Substituting Eqs.
(9) and (12) into Eq. (5), and replacing the summation with
an integration, the following equation is obtained:

dnA

dt = ~nABn kf(T,

nAnBnM kf(T, Ev)g(Ev9

v, Tv) d

d (13)

Comparing the above equation with the rate equation for the
reaction, AB + M +± A + B + M, results in the desired
dissociation rate for AB. The first integral is the forward
dissociation rate

(14)Kf(T, Tv} = kf(T, Ev)g(E, Tv) d - r

The second integral is Kf(T, T). At equilibrium

Kf(T) = Kf(T, T) = AT" exp(-DlkT) (15)

Finally, to evaluate the integral for Kf(T, Tv) the form given
for kf(T7 ev) in Eq. (6) is used. This yields the following
expression:

If (T T \ y /o

Kf(T, T) (aDlkTv)^/2

where

kT

a = I - TIT

(16)

and y is the incomplete gamma function.11 The incomplete
gamma function has a series representation that converges
quickly.12 The algorithm for the gamma function can be suc-
cessfully vectorized. Thus, overhead for evaluating the above
functions is quite modest (less than 5% of cpu per iteration).

Next, the limits for the dissociation rate will be considered.
When a -» 0 or Tv -» T, then Kf(T, Tv) approaches the
Arrhenius expression for Kf(T, T). When a —» 1, i.e., TV/T
-> 0, then Kf(T, Tv) -+-Kf(T, T). Two issues must be ad-
dressed when considering this limit. The first pertains to the
interpretation of the result, and the second pertains to the
incubation period. The meaning of the result is that if the
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vibrational energy of a molecule is frozen in the ground level,
then its dissociation rate is a function of the translational
temperature. This interpretation is obtained by examining the
form of the forward rate and discrete distribution function
given in Eqs. (6) and (7). The result should not be interpreted
to mean that the incubation time for dissociation is zero,
because the use of a vibrational energy equation insures that
the upper vibrational levels are excited over a time scale which
is much less than the dissociation time scale. Thus, for a
nonequilibrium flow, the limit of a -» 1 is never reached, and
an appropriate incubation time for dissociation will be ob-
tained using the present model. This fact is demonstrated in
the Results section.

As a comparison, it is worth examining the forward-rate
expression of Hammerling et al.1 and its limiting values. A
more careful derivation of Eq. (1) gives

R =

pu
VX2)

Pn(U + Vxn)

pU2 + p + Txx

puv 4- rxy

Eru + qrx + ^ psersVxs
s = mo\

Evu + qvx + ^ psevsVxs
s — mo\

Eeu + qex + 2 (psPesVxs) + P
s = elec

(E + p + rxx)u + rxyv + qx + qrx

Ovl - exp(-6d/Tv + 6d/T) QV(T)
Od 1 - exp(-0v/Tv + OJT) QV(TV)

where

1 - exp(-^/T)

When 0, QJ(TV) -» 1 and

(17)

(18)

(19)

Thus, the limit is finite.
Finally, it should be noted that this derivation is only valid

for flows undergoing compression. This is because for ex-
panding flows a population inversion of the vibrational levels
may occur. Thus, the Hinshelwood distribution function used
for the vibrational energy will not be valid. However, if the
distribution of vibrational energy were known during the ex-
pansion, a derivation of the dissociation rate could be un-
dertaken in the same manner as above.

Physical Modeling
The primary interest of this study is the application of two-

temperature models to AOTV-type flowfields. Thus, the com-
putation of these flowfields will be discussed in the following
paragraphs.

The governing equations for AOTV flowfields have been
presented in a number of sources. 13~15 For this study, the
following equations will be solved: global mass, momentum
and energy, n species, and rotational, vibrational, and elec-
tron-electronic energy. In axisymmetric coordinates, the above
set of equations can be written as follows:

dU
dt dx

where

U =

1 d(yG)
y dy

P
P2

Pn

Pu

Pv

pEr

pE

(20)

pv
0 + Vy2)

pv2 + p
Erv + qr

EVV + qv

Eev + qey +

s = mo\

2 Pst
5 — mol

(pseesVys)

psersVys

(E + p + ryy)v + rxyu + qy + qry + qvy

W =

dv
+

wn

0
(P ~ Tee)/y

Qr-r + 2 W&
5 = mol

QT-V + Qv-e + S
s — mol

QT-e - Q... + Q^m - P.

+ S Wsees
s — elec

0

In the above equations, V^y^ is the diffusion velocity of spe-
cies s in the x or y direction. £(r,t,,e) is the total rotational,
vibrational or electron-electronic energy per unit volume. e(r^e)s
is the rotational, vibrational, or electronic energy per unit
mass of species s. wsis the production rate of species s. The
various Q terms are the result of coupling between the various
energy modes and the chemistry. The modeling of the various
terms in the above equations will be discussed in the following
paragraphs.

The rotational modes are assumed to be fully excited. Thus,
the rotational energy is given by

JD

where /?univ is the universal gas constant and Ms is the mo-
lecular weight of species s. For this study, only translational-
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rotational coupling QT_r was considered. QT_r is modeled by
a Landau-Teller-type expression as follows:

where

QT-r =

Tr = ZrTc,

pA

Tc =

- Tr)
Tr

(21)

(22)

In the above equation, rc is the mean collision time, JJL is the
mixture viscosity, and Zr is the ratio rr/rc. Zr represents the
number of collisions it takes a molecule to reach rotational
equilibrium. It can be treated as a constant or as a function
of temperature using Parker's formula.16

The vibrational energy for each species is obtained using a
harmonic oscillator model. Thus, the total vibrational energy
is given by

RS0V (23)

where Ovs is the characteristic vibrational temperature of each
species. The translational-vibrational coupling QT-V is mod-
eled using a Landau-Teller expression as

Qr-.= I,

Tcs

(24)

(25)

In the above equation, rsL_T is a molar-averaged relaxation
time for each species based on the Millikan-White formula,17

and rcs the high-temperature correction to the Millikan-White
formula suggested by Park.6

The electron-electronic energy equation is obtained assum-
ing a common electron-electronic energy pool characterized
by the temperature Te as suggested by Park/This assumption
is made because the coupling is strong between the electrons
and the electronic modes.13 The electronic energy is the sum
of the various electronic energy levels for each species. For
this study, the electronic energy of the following species was
considered: O2, N, and O. Thus, the total electron-electronic
energy can be written as

where

Ee = peCveTe

isi exp(-0elsl/re)

(26)

exp(-0els2/Tg)
5 gi, + g* exp(-0elsl/7;) + g3s exp(-0els2/7;)

In the above equations, Cve is the specific heat of the elec-
trons, gs and 0els are the degeneracies and characteristic elec-
tronic temperatures of the various electronic energy levels,
and Te is the electron-electronic temperature.

The Q source terms for the electronic energy are QT_e,
<2v_e, and Qchem- Qr-e is the source of energy from transla-
tional-electron coupling. It represents the energy transferred
to the electrons from electron-heavy particle collisions. Qv_e
is the source of energy from vibration-electron coupling. It is
assumed that only N2 — e coupling is strong.13 With this
assumption, the term is modeled using a Landau-Teller
expression with a relaxation time developed by Lee.18 Finally,
Qchem is tne amount of energy lost or gained from electron
impact dissociation and ionization.

The shear stresses, heat conduction, and diffusion are mod-
eled as follows. The shear stresses are assumed to be pro-

portional to the first derivatives of the velocities. Therefore,
using the Stokes assumption, the shear stresses are given by

T M (** + **) _ A *L* 4 A = _ 2 (2?)
\dXj dxj dxk 3

The heat conduction vectors are assumed to be given by
the Fourier heat law

. 8T , dTrq, , = —k — , qri = — kr —*' ' *rj r

dTe

(28)

The diffusion velocity of species s is assumed to be governed
by Pick's law

(29)

where Ds and cs are the diffusion coefficient and mass fraction
of species s. The transport coefficients for the above equa-
tions, ju,, k, k(r v e), and DS7 are obtained from the cross section
data of Yos.19' '

For this study, the following seven chemical reactions were
considered:

1)
2)
3)
4)
5)
6)
7)

N2 + .O
NO
N +

+ O
O*:

± N O +
*± O2 +
:NO + +

(30)

N + N <± N2
+ + e

If ionization is small, then only the first five reactions are
considered. The forward rates and equilibrium constants for
the above reactions are obtained from the Park reaction set.14'15

Results
As discussed above, the vibrational energy expression in

this study is assumed to be that appropriate for harmonic
oscillators. This defines the energy per unit mass as

Qxp(OJTv) - I (31)

Using this expression, a forward dissociation rate can be gen-
erated. Figure 1 shows a comparison of the forward dissocia-
tion rate for the present model, Park's model, and the Ham-
merling rate from Eq. (17) as function of TJT, which is a
measure of the degree of nonequilibrium for a two-temper-
ature model. The figure shows that if the degree of non-
equilibrium is not too large the present theory agrees with
Park's r° 7T°3 model and the Hammerling rate at a temper-
ature of about 10,000 K, and agrees with Park's T°-ST°-5 model
for a high-temperature range. However, the present model is
not bracketed by the two Parks models or the Hammerling
rate and will range above and below them for higher or lower
temperatures.

The final observation drawn from Fig. 1 is the behavior of
the three models at the limits of TJT, zero, and one. As
TJT gets small, the dissociation rate using the Park model
approaches zero. The present model approaches the one-tem-
perature rate while Hammerling's model approaches a finite
value smaller than the one-temperature rate. As TJT ap-
proaches one, i.e., thermal equilibrium, all models produce
identical rates.
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Fig. 1 Comparison of the dissociation rates for the various models.
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Fig. 2 Geometries for test cases.
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To demonstrate the present model, two high-speed flow
calculations will be presented. Case 1 is for a 1.0-m radius
sphere at 5 km/s with a freestream density of 2.0 x 10~4 kg/
m3 corresponding to an altitude of 63 km. lonization and the
internal electronic modes are neglected and a five-species air
model is used. Thus, only two temperatures are considered:
a translational-rotational temperature, T — Tr, and a vibra-
tional temperature Tv. Case 2 is the 1634 (s) case of project
Fire II. The freestream velocity is 11.36 km/s and the density
is 3.72 x 10~4 kg/m3 corresponding to an altitude of 76 km.
Both cases considered assume a noncatalytic wall condition
and a fixed wall temperature. Figure 2 shows the geometries
and grids used in both calculations.

Next, results for the sphere geometry are presented. Figure
3 shows a plot of the translational-rotational and vibrational
temperatures along the stagnation line. As expected, the fig-
ure shows the two-temperature models produce a higher vi-
brational and translational temperature. The vibrational tem-
perature of the present model is bracketed by the T°-7T°-3

and r° 5r°5 Park models in the region of moderate thermal
nonequilibrium. As thermal equilibrium is approached, all

the dissociation models produce similar results. This is con-
sistent with the rates shown in Fig. 1. Finally, directly behind
the shock where the thermal nonequilibrium is the largest,
all the two-temperature models produce similar results. This
is because the amount of dissociation is limited by the low
number density.

Next, a number of calculations are generated at the Project
Fire II conditions previously stated. In order to compare the
results with those for the sphere, the first calculation neglects
ionization and the electronic energy modes and a five species
air model is used. Again, two temperatures are calculated
T - Tr and Tv. Figure 4 shows a plot of these temperatures
along the stagnation line in the nonequilibrium region for one
temperature dissociation model, a T°-7T°-3 Park model and
the present model. The figure shows the present model results
in the highest translational and vibrational temperatures with
Park's model in the middle and the T only model producing
the lowest temperatures. Again, these results are consistent
with the dissociation rates generated in Fig. 1. Figure 5 shows
the O2 and NO mass fractions along the stagnation line. As
expected, the two-temperature dissociation models reduce the
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amount of dissociation in the region of thermal nonequilib-
rium behind the shock. The present model shows the least
amount of dissociation and the T only model the most.

The next Fire II calculation includes the effects of ionization
and the electronic energy modes. Thus, three temperatures
are generated, a translational-rotational temperature, a vi-
brational temperature, and an electron-electronic tempera-
ture. As mentioned in the previous section, the electron and
electronic energy are assumed to be a single energy pool
characterized by the temperature, Te. For this case, the eight
species reaction model listed in the previous section was used.
Figure 6 shows the T — Tr and Te temperatures along the
stagnation line. The plot shows the two-temperature models
increase Te with the present model producing the highest Te.
This behavior is the result of the reduced rate of O2 disso-
ciation which has a number of low electronic energy states.
Figure 7 shows the ion mass fractions along the stagnation
line. Since N^ and NO+ are formed from N-N and N-O
collisions, the reduced dissociation rate of the two tempera-
ture models reduces the amount of ionization. For NJ, the
peak ionization is reduced and the location of the peak is
shifted towards the body. The lowest ionization peak and the

biggest shift occurs for the dissociation model derived in this
study. Finally, Fig, 8 shows the vibrational temperatures along
the stagnation line. Initially, the two-temperature dissociation
models result in a higher vibrational temperature. However,
eventually the models cross and the present dissociation model
produces the lowest vibrational temperature. The crossover
in the temperatures is the result of NJ depletion which at the
point of the crossover is largest for the present model.

Finally, the last calculation includes the effects of rotational
nonequilibrium. Thus, separate translational, rotational, vi-
brational, and electron-electronic temperatures are gener-
ated. For this calculation, the rotational collision number Zr,
defined in the previous section, is assumed to be a constant
of 5. This approach is often used in DSMC calculations. Figure
9 shows T, Tr, Tv, and Te along the stagnation line for a one-
temperature dissociation model and the present two-temper-
ature model. The figure shows the translational temperature
is not in equilibrium with rotational temperature and the vi-
brational temperature is not in equilibrium with the electron-
electronic temperature for the various regions of the flow.
The trends shown by all the temperatures are consistent with
DSMC calculations carried out by Taylor.20 The behavior of
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o.ooo

Fig. 6 Translational and electronic temperatures along the stagnation line.
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Fig. 7 Ion mass fractions along the stagnation line.
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Fig. 9 Temperatures along the stagnation line.

the vibrational and electron-electronic temperatures agrees
with the AFE calculations done by Candler.21 Thus, for Fire
II conditions, a two-temperature thermal model may not be
a good assumption. Next, the incubation period for the sphere
and Fire II calculation is examined.

Figure 10 shows a comparison of TV/T and the mass fraction
of O2 for the various dissociation models for the sphere cal-
culation. In the figure, TJT goes from 1 in the freestream to
a minimum value of about 0.25, and again approaches 1 as
Tv approaches T along the stagnation line. The incubation
period for dissociation occurs around the minimum of TJT.
In this region, it can be seen that dissociation begins at a
similar location for both the present and Park models. Figure
11 shows TVIT and the mass fractions of O2 and N2 along the
stagnation line for the previous Fire II calculation. The min-
imum value of Tv/Tis about 0.05 which is much less than the
value for the sphere. However, even for this small value of
TJT, the onset of dissociation is similar for both models. Re-
examining Fig. 1, it can be seen that for the higher temper-
ature, the forward rate for the present model does not ap-
proach the one-temperature rate until TJT is almost zero.
The above results also indicate that the forward rate does not

0.00
-0.190 -0.180 -0.170

Stagnation Line (m)

-0.160

Fig. 10 Comparison of TV/T and C02 for the various dissociation
models for the sphere.
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Fig. 12 Surface convective heating for project Fire II.

have to approach zero as Tv approaches zero to arrive at a
finite incubation period.

It was found that all models used in the Fire II calculations
produced similar convective heat transfer rates. This is ex-
pected, since near the body the vibrational temperature equals
the translational temperature. Therefore, all the dissociation
models give identical dissociation rates. However, the radia-
tive heating is dominated by effects in the nonequilibrium
region. Thus, it is expected that the two-temperature models
will influence the radiative heat transfer rate. Finally, Fig. 12
shows a comparison of the convective heating along the body
for the project Fire calculation assuming a noncatalytic wall
condition. The results are compared with the experimental
data and calculations of Gnoffo22 using the latest version of
his code. It should be noted that an earlier calculation by
Gnoffo23 for an equivalent sphere geometry of Fire II vehicles
showed excellent agreement with the experimental convective
heating rates when a fully catalytic wall boundary condition
was employed. The plot shows the convective heating is fairly
constant along the body. This result is consistent with the
experimental data.24'25 However, the magnitude of the heating
is underpredicted.

Conclusions
A new two-temperature model for dissociation is derived

from kinetic theory. The model shows a behavior somewhat
different from that of Park and minimizes the uncertainties

associated with it. Calculations for AOTV-type flows were
made with the various two-temperature dissociation models
and compared with a one-temperature dissociation model.
Calculations with the two-temperature models showed de-
creased ionization, decreased dissociation, and an increase in
the electron-electronic temperature. For Fire II conditions, a
two-temperature thermal model was shown to be a poor ap-
proximation. Finally, the behavior of the various dissociation
models had little effect on the surface convective heat transfer.
A comparison with the Fire II experimental data showed the
convective heat transfer was underpredicted for a noncatalytic
wall condition.
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